The n-width of solution sets of a class of elliptic partial di erential equations is calculated. In particular singularly perturbed equations of elliptic-elliptic type are considered.
Introduction and Notation
In 1], Kolmogorov i n troduced the notion of n-widths which measure how accurately a given set of functions can be approximated by linear spaces of dimension n in a given norm. More precisely, for a normed linear space X (with norm k k X ) and a subset A X the n-width is given by d n (A X) = inf En sup f2A inf g2En kf ; gk X (1) where the rst in mum is taken over all subspaces E n of X of dimension n 2 N.
In the context of numerical methods for partial di erential equations, one application of the theory of n-widths is that it identi es a lower bound for the rate of convergence for any scheme and a given set of input data. In the present paper, n-widths of solutions sets of elliptic boundary value problems of the following type are considered:
Lu := ;r (A(x)ru) + c(x)u = f on R d uj @ = 0 : (2) where the matrix A 2 L 1 ( ) is assumed to besymmetric positive de nite and c 2 L 1 ( ), c 0. The space X is taken as the \energy space", i.e., the space H 1 0 ( ) equipped with the norm induced by the coercive operator L. For a xed s 0, the set A of (1) is taken as A := fu 2 X j u solves (2) for some f in the unit ball of H s ( )g: In our main theorem, Theorem 3.1, d n (A X) is explicitly calculated. It is shown that d n (A X) can becontrolled in terms of the regularity of the right hand side f (i.e., s 0) and the upper and lower bounds on the eigenvalues of A and the upper and lower bounds on the coe cient c. In particular, the smoothness of the coe cients of L (and the smoothness of the domain ) is not relevant for the asymptotic behavior of d n (A X). Theorem 3.1 covers the following two cases: The case of \rough" coe cients (A and c are merely in L 1 ( ) but the \energy norm" is equivalent to the usual H 1 ( ) norm) and the case of singularly perturbedequations of elliptic-elliptic t ype (the eigenvalues of A are small compared with c). The n-widths in these two cases behave quite di erently: In the rst case, the n-width is (up to constants) the same as in the smooth case whereas in the second case the n-width deteriorates when the size of the eigenvalues of A tends to zero.
For the case of smooth coe cients, our result Theorem 3.1 is well-known and follows, as elliptic regularity theory yields that A H s+2 ( ), from 2] where the n-width of the unit ball of the Sobolev spaces H s+2 ( ) in some other Sobolev space, e.g., the energy space X, is calculated. For the singularly perturbed case, a full analysis seems to beavailable in one dimension for the constant coe cient case only, 3]. In order to obtain our result which makes minimal assumptions on the smoothness of the coe cients, methods di erent from those used above were necessary. The key observation in the present paper is the fact that the operator L induces an isomorphism between X and its dual space X 0 . It su ces therefore to calculate the n-width of the unit ball of H s ( ) in X 0 and precise structural knowledge about the set A is not necessary. 
The space H 1 0 " ( ) is then de ned as the completion under this norm of the space of in nitely di erentiable, compactly supported functions, i.e., the space fu 2 C 1 ( ) j supp u g. For " = 1 w e write H 1 0 ( ) = H 1 0 1 ( ).
Finally, w e i n troduce the spaces H ;1 " ( ) as the dual spaces of the spaces H 1 0 " ( ) with pivot space L 2 ( ). In particular, denoting < > the duality paring between a space and its dual space, the norm on H ;1 " ( ) is given by kf k
Again, we write H ;1 ( ) for H ;1 1 ( ) in the case " = 1. Note that the spaces H 1 0 ( ) and H 1 0 " ( ) are the same space equipped with two (equivalent) norms dually, the spaces H ;1 ( ) and H ;1 " ( ) can also be regarded as the same spaces equipped with two (equivalent) norms.
We will use this fact to view the duality pairing < > at the same time as the pairing on H ;1 ( ) H 1 0 ( ) and on H ;1 " ( ) H 1 0 " ( ).
Finally, for sequences (u i ) 1 i=1 R, we use occasionally the shorthand u. As usual, we denote by l 2 the Hilbert space of square summable sequences, l 2 := fu j k uk 2 l 2 := Without loss of generality, we may assume that the eigenvalues 2 i are non-decreasing and that the eigenfunctions ' i form an orthonormal basis of L 2 ( ) and are additionally orthogonal with respect to the (r r ) L 2 ( ) inner product of H 1 0 ( ). Denoting ( ) the usual L 2 ( )
for functions u 2 L 2 ( ), u 2 H 1 0 ( ) respectively. Hence, the map
induces an isometric isomorphism between the spaces L 2 ( ) and l 2 on the one hand and the spaces H 1 0 " ( ) and
on the other hand. The space
is the dual space of h 1 " (with respect to the pivot space l 2 ) and therefore isometrically isomorphic to H ;1 " ( ). We conclude that
In order to prove the lemma, we will now chooseã F(A) appropriately. To that end, we introduce the normed spacẽ
and the linear map
We n o w claim that b 
is an isometric isomorphism between h ;1 " and l 2 . Therefore, , e.g., Thms. 4.1.1, 4.1.6 of 10]) . For E n such that (11) 3 n-widths of solution sets of elliptic equations
We will now apply the n-width result Theorem 2.2 to calculate the n-widths of solution set of elliptic partial di erential equations. Let (15) Appealing to Theorem 2.2 allows us to conclude the argument.
It is noteworthy that the assumptions on the coe cients A and c and the domain are essentially the weakest possible that still lead to a meaningful variational formulation of (14). Theorem 3.1 covers in particular the following cases:
1. The case of \rough coe cients": the symmetric matrix A and the coe cient c are in L 1 ( ) and there is a > 0 such that 0 < a A a.e. on 0 c a.e. on :
In that case, one may take " = 1 and the constants C 1 , C 2 in Theorem 3.1 depend on a, kAk L 1 ( ) , kck L 1 ( ) , s, and . 2. The case of a singularly perturbed problem of elliptic-elliptic type: There are a, a, c > 0 s u c h that for some " 2 (0 1] there holds a" 2 A a" 2 a.e. on 0 < c c a.e. on :
In that case, the constants C 1 , C 2 of Theorem 3.1 depend only on a, a, c, and again on kAk L 1 ( ) , kck L 1 ( ) , s, and .
Remark 3.2 In the case of smooth coe cients and under the assumption that " = 1, the nite element method based on standard conforming nite element spaces of piecewise polynomials of degree p 2 N, p + 1 s lead to the optimal rate of convergence O(n ;(s+1)=d ).
In the case of \rough" coe cients (in the sense above) standard nite element spaces perform poorly. However, non-polynomial spaces can beconstructed which recover the optimal rate of convergence, 12, 13]. In the singularly perturbed case, i.e., when " is small (with respect to 1), the singular perturbation character of the equation manifests itself in a reduced preasymptotic n-width: pre-asymptotically, i.e., when "n 1=d is small, only a rate of O(n ;s=d ) can be attained instead of O(n ;(s+1)=d ) in the asymptotic regime (i.e., when "n 1=d is large). The design of nite element methods for singularly perturbed problems that lead to the optimal or at least near optimal rate of convergence has so far been successful only in the case of smooth coe cients.
Remark 3.3 This paper is concerned with the calculation of the n-width in the natural \energy norm". The techniques employed here, however, are not restricted to this setting. 
